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Synchronous, coherent interaction is key –



174 Chapter 7

Phase synchronization is a fundamental concept to assess and quantify coherent network

activity. This dissertation aimed at a thorough introduction to analyzing the phase dynam-

ics of oscillatory networks. The human brain represents an important example of a complex

oscillatory network. It therefore provides an ideal playground for mathematical and com-

putational neuroscientists where we can apply ideas and tools from nonlinear dynamics and

complex systems theories to model the experimentally observed, collective dynamics that

emerge from the interplay of a multitude of neurons. In particular, I focused on popula-

tions of neurons that exhibit rhythmic macroscopic behavior and investigated the mutual

interaction of these oscillatory neural populations, typically represented as coupled neural

masses.

In Chapter 1 I introduced the concept of synchronization in the realm of neural dynamics,

and addressed the notion of phase synchronization as a powerful means to describe the in-

terplay of neuronal oscillations and coherent brain network activity. Chapter 2 presents an

extensive overview of phase reduction techniques. I explicated both numerical and analytical

techniques to derive the phase dynamics of oscillator networks. Moreover, I complemented

the overview with an outline of normal form reductions, which form an integral part of an-

alytical phase reduction techniques. In Chapter 3 I subsequently illustrated the different

phase reductions along two seminal examples of oscillator networks. The first part dealt

with a network of identical Brusselators, which is an exemplary chemical oscillator. The

Brusselator model displays a broad spectrum of complex dynamics and is at the same time

mathematically tractable. It was therefore perfectly suited for testing how phase reduction

techniques differ when allowing for more realistic, complex and nonlinear coupling schemes.

The second part focused on the phase reduction of a network of identical Wilson-Cowan

neural masses, which can be considered a raw model for introducing biophysical realism in

macroscopic neural dynamics. I concluded that analytic phase reduction techniques pro-

vide a parametrization of the phase dynamics in terms of the underlying model parameters.

Close to bifurcation boundaries, the analytically reduced phase models perform equally well

as those derived numerically. Further away from bifurcation boundaries, numerical reduc-

tion techniques outperform analytic approaches, however at the price for computationally

expensive scanning of the parameter regions in order to gain intuition about the influence of

particular parameters on the collective phase dynamics.

In Chapters 4 and 5 I briefly left a rigorous phase reduction aside and concentrated on

the collective dynamics of coupled phase oscillators. In Chapter 4 I elucidated the effects of

network-network and cross-frequency interactions. I found that the phase synchronization

properties of two coupled symmetric populations of phase oscillators coincide with those of

a single population whose oscillators follow a bimodal frequency distribution. Following the

Ott-Antonsen theory, I was able to exactly describe the low-dimensional collective dynamics

of the networks. In Chapter 5 I extended the existing Ott-Antonsen theory to parameter-

dependent oscillatory systems. An important example of this class of oscillators is the theta

neuron, which corresponds to the quadratic integrate-and-fire model, resembling a spiking

neuron. I illustrated the proof along a network of quadratic integrate-and-fire neurons and

thus put a broader applicability of the Ott-Antonsen theory on mathematically firm ground.
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Eventually, I returned to reduced phase models in Chapter 6 and investigated the phase

dynamics of Wilson-Cowan and Freeman neural mass models. Given experimental MEG

data displaying large-scale brain activity at the edge of criticality, the aim was to model

two corresponding but distinct dynamical features, namely partial phase synchronization

and scale-free temporal dynamics. The Freeman phase model exhibited scale-free behavior,

whereas the Wilson-Cowan phase model showed a transition to partial synchrony. However,

neither of the reduced phase models could capture the full dynamical spectrum of cortical

oscillatory activity.

We are left to discuss the implications of the foregoing studies, including their implicated

results as well as their relevance for neuroscience. In the following Section 7.1 I will briefly

revisit the research questions initially stated in Section 1.3. I will address general aspects

of phase reductions in Section 7.2, shed light on the predictive power of phase models in

Section 7.3, and place the previously addressed neural mass models in context of other

frequently used neural oscillators in Section 7.4, before I conclude with a brief outlook.

7.1 Revisiting the research questions

The first part of the dissertation arguably sought for an answer to the question,

• What is the best way to distill the phase dynamics of a complex oscillatory network?

There exist a short and a long answer. The long one follows the reasoning of Chapter 2.

The mathematical theory of different phase reduction techniques and their comparison have

been illustrated in various applications in Chapter 3. The short answer to the research ques-

tion is: there is no easy solution. Determining an accurate phase model that captures the

(phase) dynamics of a complex oscillatory network is a challenge. Although sophisticated

mathematical theory and numerical analysis techniques exist, the main problem is that there

is no ground truth of exact phase dynamics of complex oscillatory networks. Despite the

seemingly philosophical touch, the statement builds on the fact that phase (and amplitude)

variables are essentially relativistic observables and no absolute properties of (complex) os-

cillatory behavior. Yet, within the realm of weakly coupled limit-cycle oscillators the phase

description becomes instrumental in characterizing the state of each oscillator. From this

perspective, phase reduction techniques as outlined in Chapter 2 are crucial in that they

enable us to properly derive a phase model that corresponds to the actual phase dynamics.

While both analytical and numerical phase reduction techniques have their respective pros

and cons, I suggest the following: The interplay between analytics and numerics is key to

validate the phase model. Analytic intuition should be combined with numerical accuracy

and the phase dynamics can be accurately distilled from the underlying network model.

• Under which circumstances can a low-dimensional description capture the collective

dynamics of complex phase oscillator networks?

Here, I refer to Chapters 4 and 5 for all mathematical details. Network-inherent prop-

erties, such as an underlying connectivity structure or distributed parameters across the
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nodes, specify the complexity of a network, and thus shape the collective dynamics. The

Ott-Antonsen ansatz had been successfully introduced to capture the exact low-dimensional

macroscopic dynamics of phase oscillator networks, whose major complexity was confined

to a smooth distribution of natural frequencies81. A first more complex situation arose by

allowing for multiple peaks in the frequency distribution function271. The low-dimensional

description of the corresponding collective dynamics capitalized on introducing local (Ku-

ramoto) order parameters around the peaks of the distribution. These local quantities sug-

gested to disentangle the full network into interacting but separate populations of phase

oscillators. In Chapters 4 I rigorously proved that this view can indeed be justified, at least

for a particularly symmetric case. Seen from another perspective, my proof points at a way

how network-network interactions can be summarized within a single (bigger) network that

allows for casting the collective dynamics onto the low-dimensional Ott-Antonsen manifold.

Further examples of complex phase oscillator networks whose collective dynamics are low-

dimensional and that can be retrieved along the Ott-Antonsen ansatz, were addressed in

Chapter 5. Buzzword here is “parameter-dependent oscillatory systems”. Upon a reformu-

lation into a particular phase model whose phase interaction function is dominated by first

harmonics only, I simplified the nodal dynamics of the network by introducing appropriate

parameter distributions or by identifying additional dynamics as time-varying parameters.

In this way, I could set the applicability of the Ott-Antonsen theory on firm ground and use

low-dimensional systems of differential equations to describe the exact collective dynamics of

networks of quadratic integrate-and-fire (aka theta) neurons, of pulse-coupled Winfree oscil-

lators, of limit-cycle oscillators with shear, as well as of networks with particular connectivity

structures, external forcing, and time delay.

• Do phase oscillator networks cover seminal characteristics of experimental data from

the cortex?

In order to find a satisfying and comprehensive answer, the utility of phase models has to

be judged critically and for their predictive power, which will be addressed in more detail

in Section 7.3. Chapter 6 provided a suitable scenario to test whether neurophysiologically

sophisticated phase models can capture the complex dynamical notions of experimental

data. In short, the phase time series of resting state MEG data under investigation featured

a dynamical spectrum that could not be reflected in phase models reduced from seminal

neural mass descriptions. The reasons for the apparent gap between the recorded data and

the simulated phase dynamics can only be hypothesized. Considering the nature of the

available data, one possible reason comprises frequency and amplitude modulations that

are inherent in the experimental data but ignored in the phase model. Allowing for time

variability in the phase model can be a first step to bridge the gap to data.

7.2 Networks of complex neural oscillators and phase reductions

Phase reduction is a powerful method to simplify the analysis of a network of interact-

ing oscillatory systems. While the systems’ dynamics are governed by nonlinear and often
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high-dimensional differential equations, a phase reduction generally allows for a dynamical

description of the network’s nodes in terms of one-dimensional phase variables only. Un-

fortunately, a unique phase reduction does not exist and there is no straightforward recipe,

either, along which the phase dynamics should be reduced. Instead, one has to choose from

a variety of different phase reduction techniques, all of which have their advantages and dis-

advantages. This renders the notion of phase dynamics somewhat ambiguous. As has been

shown in Section 2, for any chosen technique, the reduced phase dynamics have to be con-

sidered with care. With the present inventory of phase reduction techniques we pointed out

similarities and differences between techniques. A common basis that all techniques share is

the theory of weakly coupled oscillators. The system has to exhibit stable limit-cycle oscil-

lations without the (external) influence or perturbation through coupling or noise. And, the

coupling strength has to be sufficiently weak so that the full dynamics remain close to the

unperturbed limit cycles, and amplitude effects can be neglected. Under these assumptions,

a comparison between reduction techniques is possible, which can generally be grouped in

analytic, and numerical approaches.

While numerical approaches can be used to reduce phase dynamics for almost every kind

of oscillatory dynamics, analytic approaches heavily rely on emerging oscillations via a su-

percritical Hopf bifurcation. In this case the analytic phase reduction splits into a two-step

reduction: a normal form reduction brings the original dynamics in Hopf normal form and,

subsequently, phase reduction extracts the corresponding phase dynamics. Once a system

has been brought into Hopf normal form, all phase reduction techniques, including numerical

approaches, result in the same reduced phase model, at least, in leading order. Differences

between analytic approaches do occur, though, due to different normal form reductions.

Their accuracy depends on the distance to the Hopf bifurcation point. Very close to this

point, the reduced phase models coincide almost perfectly for different analytic and numerical

reduction techniques.

Analytic techniques have the advantage that they allow for a parametrization of the re-

duced phase model in terms of the original model parameters. Numerical reduction tech-

niques, by contrast, remain “black boxes”, at least to some degree, and the link between

phase model parameters and original parameters may remain opaque. For larger distances

from the bifurcation point, however, numerical techniques clearly outperform the analytic

ones. A combination of both analytic and numerical reduction techniques hence appears

unavoidable when looking for a thorough picture of the emerging collective dynamics of

interacting oscillators.

A brief comment is at place about the Haken approach, also coined ad-hoc averaging

in Chapter 3, and upon which the phase descriptions in Chapter 6 dwell. This method

clearly stands out for its pragmatic applicability. In a straightforward way, it allows to

express the phase model parameters in terms of the original dynamics. Moreover, it avoids

the assumptions of the theory for weakly coupled oscillators. As long as small-amplitude

oscillatory dynamics are of (or can be transformed into) circular shape, it is possible to

(semi-) analytically reduce the corresponding phase dynamics – no matter whether these

oscillations have emerged through a supercritical Hopf, any other or no bifurcation at all,
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whether they are induced by coupling strength or coupling direction, or induced by noise or

delay. This approach may lack mathematical rigor, and the reduced phase dynamics have

to be compared to the actual evolution of the phases. However, it can hint at the role of

particular model parameters on the network dynamics, which numerical techniques can only

achieve by a computationally expensive scanning of the parameter space.

Last but not least, a thorough comparison between different methodological approaches

usually implies a quantitative account to what extent these techniques generate qualitatively

equivalent results, which, in our case, are the resulting phase models. It would be desirable

to present particular error estimates for each technique. When based on the original model

parameters, it might be possible to set upper bounds beyond which a reduction technique

can no longer be applied to determine the corresponding phase dynamics at a given (small)

error. Such estimates are, however, few and far between. We hope that our inventory in

Chapter 3 will serve to establish this long-needed error estimation.

7.3 The predictive power and limitations of (reduced) phase models

The reduction of a network of interacting oscillatory systems into a network of coupled phase

oscillators serves to facilitate the analysis of the collective, network dynamics. In general,

the oscillatory dynamics per node can be quite complex and their evolution may be governed

by a high-dimensional system of coupled nonlinear differential equations. Phase reduction

techniques allow to express the state of each node in terms of a single, one-dimensional

phase variable. The resulting phase model thus reduces the dimensionality of the network

dynamics to great extent. But, how powerful is such a phase model? Obviously, this question

is connected to the first research question above. Yet, a satisfying answer must also address

the predictive power of phase models in general, and of reduced phase models in particular.

Whether a comprehensive observable of the collective dynamics can be expressed in terms

of the phase dynamics will be challenged in sub-section 7.3.1. And whether phase models

can be used to describe experimental data is in the focus of sub-section 7.3.2.

Is a phase model a good model? A phase model, like any other model, is neither good nor

bad. A model cannot be good, or bad. It is either descriptive, or it is not. A model can

be more descriptive, or less. That is, it is more or less accurate in a particular parameter

region. And, it may uphold this accuracy over a larger or smaller parameter region. Phase

models capture the phase dynamics of oscillatory systems. Not more, and not less. They gain

their predictive power by allowing for an accurate description of the phase dynamics of the

underlying system, and thus by predicting possible collective behavior of coupled oscillators

based on the dynamics of the phase relationships between them.

Predictive power of phase models Usefulness and strength of a model is, in general, judged

by its predictive power. In view of this dissertation, the question arises whether a simpli-

fied phase model can still provide an accurate description of the oscillatory system under

investigation. Quantifying the accuracy, and thus the predictive power, of a phase model
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can be a challenge. It becomes particularly difficult if such an assessment is supposed to be

both quantitative and qualitative. Qualitatively, an accurate phase model has to correctly

describe the different dynamical regimes of the underlying model as well as the transitions

from one regime to another. Quantitatively, an accurate phase model reflects the various

qualitative features of the underlying model, and, at the same time, numerical differences

between the respective observables of the original and the approximate models converge to

zero. A qualitative and quantitative assessment of the phase model is especially important

to determine a certain (parameter) range of validity and applicability. Within this range, the

model can be applied and is accurate up to some error bounds. Beyond this range, however,

it may lose its validity in a strict sense and the actual dynamics diverge from predictions by

the reduced or simplified model.

As an example, I consider the case of a finite network of slightly heterogeneous, nonlinear

but smooth oscillators that are coupled with respect to an adjacency matrix C. If these

oscillations emerged through a supercritical Hopf bifurcation, then for parameter values

close to the Hopf point it seems reasonable to approximate the network by coupled Kuramoto

phase oscillators as long as the coupling is sufficiently weak. There are, however, three main

concerns that have to be considered in order to predict network behavior by relying on the

extensive literature about the Kuramoto model.

1) How important is structural connectivity? If the adjacency matrix C is sufficiently

dense, one may approximate it with an all-to-all coupling scheme without losing too much

accuracy. Obviously, sufficiently and too much are always relative and can only be quantified

from case to case. The matrix C, however, can also entail more complex connectivity struc-

tures, such as network modularity or small-worldness. In the former case, it may be possible

to extract modular structures and define interacting subpopulations that have similar in-

ternal properties. We investigated a special, symmetric case of interacting subpopulations

in Chapter 4. For small-world and more realistic brain connectivity structures, simplifying

assumptions have to be made with care. The underlying network topology may obscure

other properties of the phase model and lead to false conclusions, see also the Discussion of

Chapter 3. In either case, the qualitative predictions of the phase model may diverge from

the actual network dynamics.

2) How important is heterogeneity? As has been briefly addressed in Section 3.3, there

exist powerful techniques that allow for an exact low-dimensional description of the collec-

tive dynamics of a network, such as the Watanabe-Strogatz theory80 or the Ott-Antonsen

theory81, see also 178. Both theories rely on a particular distribution of the heterogeneity (up

to the limit of identical oscillators). The heterogeneity is usually expressed in the natural

frequency terms of the coupled oscillators, but can also emerge through other parameters, see

Chapter 5. If the heterogeneity can be approximated by a distribution function admissible

to either of the theories, then explicit equations for the evolution of the network’s observ-

ables can be derived. This makes not only a qualitative prediction of the network behavior

possible, but also a quantitative comparison to the actual dynamics. Let me remark that

also multimodal distributions are admissible. Given the results on the interchangeability of

a bimodal network formulation vis-à-vis a network-network formulation from Chapter 4, the
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theories above apply also to interacting populations of oscillators.

3) How important is network size? Next to the assumptions on network heterogeneity, a

rigorous application of the Ott-Antonsen theory dwells on a fairly large network. In fact,

the theory is valid in the continuum limit when the network size tends to infinity. This

assumption is far from realistic for any biological network, and even though the number

of neurons in the human brain is reasonably large, it still is finite. The literature suggest

various approaches to determine so-called finite size fluctuations around the exact macro-

scopic dynamics whose evolution is governed by a few differential equations that are, strictly

speaking, only valid for inifinitely many oscillators180–184. These fluctuations introduce a

seemingly stochastic character into the phase dynamics, which may clash with the deter-

ministic nature of the actual network dynamics. A way out can be to apply some temporal

averaging. But then averages may remove important transient behavior. In consequence, a

compromise between a quantitative and a qualitative fit of the macroscopic dynamics has to

be found.

In summary, phase models provide the opportunity to express the collective network dy-

namics in a low-dimensional system of differential equations. Some basic assumptions on the

structural connectivity and the heterogeneity of the underlying oscillatory network model

have to be fulfilled, however, to allow for an approximation of the network by such a phase

model. The predictions of the phase models can then be tested against the actual network

dynamics and the dynamics of the respective observables can be compared both qualita-

tively and quantitatively. In this way, an assessment of the phase model’s predictive power

becomes feasible.

Predictive power of reduced phase models The reduction of a meaningful phase model

along the reduction techniques presented in Chapter 2 builds on a handful of assumptions.

As mentioned above, most reduction techniques rely on the theory of weakly coupled oscil-

lators78. Recently, phase reduction techniques have been refined and extended so that the

assumptions inherent to the theory of weakly coupled oscillators can be loosened to a certain

degree, see Section 3.3. Still, the closeness (in parameter space) to a particular bifurcation

boundary is a key ingredient for an accurate analytic phase reduction. In fact, bifurcation

boundaries explicitly delimit the range of applicability of a mathematically sound phase re-

duction. Analytic phase reductions also provide the possibility to quantify the accuracy of

the phase dynamics at each node. This allows for a more detailed assessment of macroscopic

observables, and it becomes possible to trace back whether particular parameters of the

underlying network model are responsible for a possible discrepancy between macroscopic

observables.

7.3.1 Observables

Closely linked to the question of predictive power of a phase model is that of the kind of

predictions a (reduced) phase model is capable of. There are some observables of the net-

work that can be quantified with the phase model, but for other observables the full network
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dynamics have to be exploited. In most cases, reduced phase dynamics are used to infer

(the stability of) stationary collective network states. As we have seen in Chapter 3, phase

reductions provide a useful means to predict whether one-, two-, or m-cluster states of the

network are stable. These predictions are based on the form of the reduced phase interac-

tion function. In principle, also complex and non-stationary network states can be foreseen

through the phase reduction, e.g., self-consistent partial synchrony or slow switching behav-

ior, see Section 2.1.5.2. However, the transient and time-varying behavior of non-stationary

solutions requires rather a qualitative than a quantitative analysis of the observable.

Throughout the dissertation I considered the degree of phase synchronization as the main

observable, which we measured in terms of the Kuramoto order parameter. For each point

in time, the Kuramoto order parameter quantifies to what extent the phases of the oscilla-

tors are mutually synchronized. Again one may ask whether this order parameter is a good

observable? And again, the answer has to be that an observable is neither good nor bad.

An observable has to be chosen such that it can describe the aspects under investigation.

Or rather the other way round, the available observables define which aspects can be in-

vestigated. Considering the (network’s average) degree of synchronization, a simple value

between 0 (full asynchrony) and 1 (full synchrony) may hint at some coherent behavior. But

it does not reveal any implicit structure of the oscillators, such as phase clustering. In Sec-

tion 3.1, I resorted to a phase clustering algorithm that determined the number of clusters at

a particular point in time. Unfortunately, such a snapshot does not indicate whether these

clusters persist over a longer period of time, that is, whether the cluster states are stable.

To investigate their stability, we labeled the oscillators with respect to their (initial) cluster

membership, and traced the Kuramoto order parameter of only those oscillators within the

same initial cluster. If the Kuramoto order parameter stayed above some threshold value

over some time and its variance was negligible, we concluded that the corresponding clus-

ter was indeed stable. This example already shows the intricacy of observables: while a

qualitative inspection by eye, say, of the oscillators’ evolution in phase space, immediately

shows that, e.g., two clusters are stable and remain at a constant (phase) difference from

each other, the quantitative validation requires several subsequent analysis steps.

As has been addressed in Chapter 6 in detail, the Kuramoto order parameter provides a

time-resolved spatial measure of phase synchronization, but it does not indicate any temporal

alignment of the phase time series of two oscillators. For the latter, a temporal average of

pair-wise phase synchronization in the form of the phase locking value may hint at functional

connectivity structures within a network.

There are further important observables that help to quantify collective behavior. To name

but another two, valuable information about the collective dynamics of finite-sized networks

of coupled (phase) oscillators can be extracted, for instance, from the generalized (Daido)

order parameters169,403. Another important concept may be that of susceptability404,405

when investigating the effect of external (stochastic) perturbations on oscillatory networks.

At the end of the day, the predictive power of (reduced) phase models is intricately linked

with quantifiable observables. For this reason, it is important to clearly state the object

of investigation and how this can be observed and quantified with macroscopic variables.
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Predicting the behavior of these observables by using the (reduced) phase model can cut an

extensive analysis of the full underlying system short. In this way, the collective dynamics can

be described correctly as long as the parameter region falls within the previously determined

range of use of the phase model.

7.3.2 Modeling experimental data

Revisiting the results of Chapter 6, the reduced phase models of Wilson-Cowan and Free-

man neural masses were not able to simultaneously describe two important features of the

experimental resting state data. Despite realistic connectivity and time-delay structures,

the neural mass phase models either described (spatial) partial phase synchrony or detected

(temporal) scale-freeness, but none of the phase models captured both features of the exper-

imental phase time series that were extracted from recorded MEG data after beamforming

onto a 90-node brain parcellation, filtering in the alpha band (8-12 Hz), and constructing

the analytic signal using the Hilbert transform. One may speculate about the origin why

the phase models cannot capture both dynamical features of the phase dynamics of rest-

ing state networks. Points of departure comprise both data analysis and model reduction.

Stepping over the model-inherent assumptions of the seminal Wilson-Cowan and Freeman

neural mass models dating back to Wilson and Cowan69 and Freeman75, as well as over our

assumptions on the subsequent phase reductions, see Section 6.2, I would like to focus on

the nature of the filtered data. Although the data is confined to a 4 Hz-narrow frequency

range, the oscillatory dynamics exhibit both frequency and amplitude modulations, which

cannot be disentangled easilysee, e.g., Fig. 1 in 372. It goes without saying that explanations

for these modulations (and emerging brain rhythms, in general) are vague and still being

sought for. Nonetheless, the structural connectivity of the brain as obtained from DTI data

together with parcellation schemes, either in the form of functional neuroimaging406 or neu-

roanatomical and cytoarchitectonic approaches407, allows for a coarse-grained description of

interconnected areas in terms of neural masses or neuronal populations. As demonstrated

in Chapter 6, it is apparently not sufficient to approximate the oscillatory dynamics in each

such brain area by a reduced neural mass phase oscillator in order to retain the full picture of

critical brain dynamics expressed in terms of phase synchronization measures. Formulated

in a more positive way, our results still reveal that neural mass phase models were, in fact,

able to describe at least one aspect of criticality, which supports the use of phase models for

large-scale brain networks – as long as these neural mass phase models were properly derived

and applied within reasonable model-specific boundaries.

More accurate models should take frequency and amplitude modulations into account.

These modulations may or may not be due to strong coupling effects through other brain

areas. If so, unfortunately, a mathematically rigorous phase reduction, as outlined in Chap-

ter 2, would not be feasible. A different starting point for a more adequate neural mass de-

scription requires time-varying parameters in the neural mass models, and/or may introduce

additional dynamics. Again, a subsequent phase reduction is beyond the realm of mathemat-

ically thorough reduction techniques. An exit strategy can involve phase-amplitude models.
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The recent developments within the Koopman operator framework260,261 appear promising

for a meaningful and simplified phase-amplitude description of neural mass models. Whether

the dynamical notions of criticality manifest in those models is, however, beyond the scope

of this dissertation.

7.4 Coupled neural masses and other neural oscillator models

The main neuronal population model that has recurrently been used in this dissertation is

the Wilson-Cowan neural mass model. Its rich dynamic behavior and the various bifurcations

it may undergo renders the dynamics representative for neural oscillator models. Naturally,

the representativeness of the model is not alone justified in the correct types of bifurcation

through which oscillations emerge, as, e.g., the FitzHugh-Nagumo408 or Morris-Lecar409

models are generic neural oscillators close to Hopf and homoclinic (and SNIC) bifurcations,

respectively. But the dynamics of the Wilson-Cowan model also resembles the qualitative

behavior of the other neural oscillator models away from the bifurcation boundaries. At the

bifurcation points, the respective normal forms enforce a particular dynamic behavior and

a reduced network model of coupled oscillators can be established. Further away from the

bifurcation, however, the shape of the particular limit cycle changes. This has an immediate

effect on the coupling term, on the phase sensitivity function Z and thus on the phase

interaction function H of the corresponding phase model. In Section 7.4.1, I briefly comment

on how higher harmonics in the phase interaction function emerge, which are crucial for non-

trivial collective behavior, and we show that the underlying mechanisms are similar across

neural oscillator models. As we refer again to normal forms, the quadratic integrate-and-fire

neuron deserves a closer inspection, too. It is the canonical model for a SNIC bifurcation,

which defines together with the Hopf bifurcation the most prominent transitions to oscillatory

behavior. I will comment further on the emergence of collective dynamics of coupled spiking

neurons, as is the integrate-and-fire model, in Section 7.4.2.

7.4.1 Emergence of higher harmonics in the phase interaction function

The phase sensitivity function Z and the coupling term evaluated on the respective limit

cycles, are the main contributors to the phase interaction function H of the reduced phase

model, and thus influence the (predictions on the) collective network dynamics. A biophysi-

cally realistic description of the coupling dynamics between oscillators plays a pivotal role in

the corresponding phase dynamics and can lead to higher harmonics in the phase interaction

function H. This is in particular true when the underlying dynamics has to be transformed

in Hopf normal form in an intermediate step. In fact for Hopf normal forms, the shape of

the phase sensitivity function Z remains always sinusoidal, even for normal forms of higher

order, see Section 2.2.5. Therefore, it is crucial to compute the transformed and nonlin-

ear coupling terms in normal form so that higher harmonics in H and non-trivial (phase)

network behavior can occur.

In view of numerical phase reduction methods, the intermediate normal form reduction,

including a careful transformation of the nonlinear coupling terms, becomes obsolete. Still,
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higher harmonics may emerge for rather simple yet nonlinear coupling between neural os-

cillators. In this case, it is of paramount importance to accurately assess the properties of

the limit cycle dynamics, which become evident in the phase sensitivity function Z. I would

like to remark that the correct determination of higher harmonics in the latter has a twofold

influence: not only may it lead to higher harmonics in the reduced phase model, but it also

gives crucial information about a (numerical) phase extraction from the neural dynamics in

terms of time-series analysis. If higher harmonics become dominant and in the extreme case,

the limit cycle trajectory exhibits self-crossings in the phase plane, a straightforward phase

extraction using the Hilbert transform will not be sufficient to define a meaningful phase.

For this reason, I investigated the emergence of higher harmonics in the phase sensitivity

function when moving through parameter space.

To anticipate my main finding, in very close vicinity to the Hopf and SNIC bifurcation

boundaries, the phase sensitivity function is well described by the analytically predicted

form, that is, it consists of first harmonics only. However, moving away from the bifurcation

point but still staying in close proximity, higher harmonics in the phase sensitivity function

become dominant. This phenomenon is not a peculiar feature of the Wilson-Cowan neural

mass model, but appears generic across neural oscillator models see, e.g., also Figure 4 in 102. I

numerically determined the adjoint solution for the phase sensitivity function of the Wilson-

Cowan dynamics and investigated how its shape changed along the parameter space. Ex-

tending the analysis in Fig. 3.7, I further increased the input parameter Pk up to the point

where limit-cycle oscillations ceased via another bifurcation, see Fig. 7.1. Although the first

harmonic is the dominant one throughout the parameter space, the analysis is quite insight-

ful. When considering the fixed parameter values from Section 3.2.1, oscillations emerge

via a Hopf and cease through a homoclinic bifurcation. Directly on the Hopf bifurcation at

Pk ≈ −0.3663, the first harmonics is not only dominant, but also exclusive: the amplitudes

of the second and higher harmonics converge to zero faster than exponentially. This is per-

fectly in line with the analytically predicted purely sinusoidal shape of the phase sensitivity

function. On the other side, the nature of the homoclinic bifurcation becomes also apparent.

All harmonics tend to a non-vanishing constant amplitude, giving rise to the exponential

character of the bifurcation, see also102 for theoretical arguments. Between these oscillation

boundaries, higher harmonics have a non-negligible effect on the phase sensitivity function

and must not be discarded. This becomes even more striking when investigating the phase

sensitivity function near SNIC bifurcations. While higher harmonics vanish directly on the

bifurcation points and thereby allow the phase sensitivity function to take the known (co-

)sinusoidal shape 1− cos(θ), off these bifurcation points but in their immediate vicinity the

amplitudes of the higher harmonics contribute to the shape beyond merely higher-order cor-

rections. This sensitivity of the phase sensitivity function to even small parameter changes

is not a model-specific phenomenon, but it is inherent in most generic oscillator models.

Brown and co-workers102 already reported changing phase sensitivity functions, but did not

explicitly point to this sensitivity. More rigorously, I compared the numerically computed

phase sensitivity function as the solutions to the adjoint problem near and away the typical

bifurcation boundaries. The generic bifurcations (Hopf, homoclinic and SNIC) appear for
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Figure 7.1: Higher harmonics in the phase sensitivity function of the Wilson-Cowan neural mass
model for varying input Pk.

different parameter values in the Wilson-Cowan model. On the other hand, the FitzHugh-

Nagumo model displays oscillatory behavior near a Hopf bifurcation, and the Morris-Lecar

model can be tuned such that its dynamics are either close to a homoclinic or a SNIC bi-

furcation. In Fig. 7.2 I illustrate how quickly the shape of the phase sensitivity function

changes and higher harmonics occur for increasing distances d from the respective bifurca-

tion points in parameter space from d = 1/10000 to d = 1/10. It thus becomes crucial to

properly define the parameters in all neural oscillator models in order to not be ‘surprised’

by emerging nonlinear and complex coupling effects. Consequently, an ad-hoc approxima-
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Figure 7.2: Phase sensitivity functions (numerically computed via the adjoint method) quickly
diverge from the analytically predicted shape in the Wilson-Cowan neural mass model (left) and
in generic neural oscillator models (right) close to Hopf (FitzHugh-Nagumo model) as well as to
homoclinic and SNIC bifurcations (Morris-Lecar model for different parameter values). The normal
forms predict sinusoidal (Hopf), exponential (homoclinic) and cosinusoidal/non-negative (SNIC)
adjoint solutions near the respective bifurcation points. Non-negligible higher harmonics emerge
for increasing distance d from the bifurcations. Colors represent this distance in parameter space:
d = 1/10000 (blue), d = 1/1000 (red), d = 1/100 (yellow), d = 1/10 (violet). Insets for the
homoclinic bifurcations show the first two graphs in log-scale and display exponential decay. Phase
sensitivity functions are normalized in amplitude.
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tion of bio-physiologically accurate nonlinear oscillator models, realistic coupling dynamics

included, with a simpler generic oscillator model, or even with its normal form, has to be

regarded with greatest care, and moreover may only be sound in an embryonically small

parameter region around the respective bifurcation boundary. Emerging higher harmonics

of the phase sensitivity function away from bifurcation boundaries and nonlinear coupling

terms will mutually interact and catalyze, thus generate rich and highly non-trivial network

effects. A careful investigation of particular parameter regions and the corresponding dynam-

ical regimes as well as their respective bifurcation boundaries has to precede the appropriate

choice of reduction technique, such that meaningful and representative phase dynamics can

be extracted.

7.4.2 A note on integrate-and-fire neurons

The normal form for the SNIC (saddle-node on a limit cycle, also SNIPER) bifurcation is

given by the quadratic integrate-and-fire (QIF) neuron model, which was introduced in more

detail in Section 5.3. If a model exhibits dynamics close to a SNIC bifurcation, it can be

reduced to the QIF model in a straightforward way307,410,411. The QIF model, like any

other integrate-and-fire model, is strictly speaking a pure phase model due to the absence of

amplitude effects412. It can be readily transformed into the theta neuron model307, which

underlines the QIF neuron’s ‘phase’ character. The reduction of high(er)-dimensional neural

oscillator models into integrate-and-fire models has thus to be considered with care. In

general, the oscillatory dynamics of higher-dimensional neural oscillators close to a SNIC

bifurcation describe a smooth closed limit cycle in phase space. Along this limit cycle, the

dynamics can be well described to be of integrate-and-fire type. This description holds

approximately also in the immediate vicinity of the limit cycle. If, however, perturbations

kick the dynamics off the limit cycle, amplitude dynamics towards the limit cycle have

to be taken into account. The amplitude effects, even if the rate towards the limit cycle

is sufficiently high, are crucial to analytically determine the phase response to the (finite)

perturbation. Weak coupling allows to approximate the phase response linearly and by using

the phase sensitivity function, which directly follows from the normal form. However, the

so-obtained phase model is only valid on the limit cycle and lacks a rigorous justification for

stronger coupling strengths. Moreover, this approach does not allow to establish the (often

informative) isochrons, much less a meaningful phase-amplitude model. The global character

of the SNIC bifurcation, opposed to the local Hopf bifurcation, presents an insurmountable

obstacle for a mathematically thorough, step-by-step reduction of the original dynamics. For

this reason, I chose to focus solely on dynamics close to a Hopf bifurcation in Chapters 2

and 3. This choice was not meant to undermine the importance of other bifurcations, but

served perfectly our purposes to present an inventory of different reduction techniques.

Network dynamics of spiking neurons The SNIC bifurcation, and the QIF neuron model

itself, proved to be of fundamental importance for extending the Ott-Antonsen theory to

parameter-dependent systems in Chapter 5. The transformation into a theta neuron re-
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vealed a phase dynamics that depended on an additional parameter, thus requiring a more

sophisticated treatment than available in the literature. The corresponding proof that net-

works of QIF neurons fall in the category of phase models applicable to the Ott-Antonsen

theory, automatically captured further extensions, one of which addressed so-called hetero-

geneous mean field models, see Section 5.4.3. This in particular allowed for applying the

Ott-Antonsen theory to coupled phase oscillators given a specific connectivity structure. Re-

cently, the group around Ott and Antonsen treated in the same manner QIF networks with

non-trivial connectivity413. This extension opens the way to further expand the range of

applicability of spiking and pulse-coupled neurons, as is the QIF model, to more realistic

neural network topologies.

7.5 Concluding remarks and outlook

Not only interaction but synchronized and coherent interaction is key for the functioning of

the brain. This dissertation addressed how phase synchronization phenomena emerge and

can be measured in coupled neuronal population models. Even though phase synchronization

is but one measure of neural synchrony and coherent brain activity, the underlying concept

is fundamental and captivates with its simplicity and tractability. Investigating the collec-

tive dynamics of complex systems by means of phase synchronization, however, bears some

intricacies when applied in a mathematically rigorous way. The first part of this dissertation

provides an inventory of phase reduction techniques and highlights some sensitive issues in

the reduction. Taking them in mind, allows to set the modeling of phase synchronization

on a firm ground. The second part of the dissertation dealt with applications of (reduced)

phase models, and pointed at possible extensions of mathematically sound approaches to

simplify the collective network dynamics. In the end, phase synchronization can be used in

many oscillatory networks as a well-descriptive observable to quantify collective behavior.

Looking both back- and forward, there remain many questions that have developed dur-

ing my PhD research project “Frequency-doubling bifurcations in neuronal networks – a

means of cross-frequency interactions”, and that await answers. The nature of such ques-

tions concerns both mathematical as well as neuroscientific aspects. Importantly, satisfactory

answers will require a healthy balance between these two disciplines, and analytic insights

have to be combined with experimental evidence and intuition. The emergence and func-

tion of brain rhythms still needs to be elucidated, and how the interplay between distinct

cortical and subcortical rhythms shapes collective brain dynamics, thus leading to coherent

behavior and cognition, is widely unclear. We believe that changes on the micro-scale affect

the macroscopic dynamics. For this reason we investigated how tuning the parameters of

coupled (neural) oscillators induced different (brain) network behavior, and thus generated

macroscopic rhythms.

Asymmetry and time variability A straightforward example for cross-frequency interactions

between neuronal populations presented a network of two coupled, symmetric populations of

Kuramoto oscillators, as analyzed in Chapter 4. The oscillators’ natural frequencies of either
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population were distributed around a mean, which was different for each population. Thereby

I modeled the interplay of different frequency bands in neural networks. Depending on the

width of the frequency distributions, on the distance between their respective means and on

the overall coupling strength, the collective dynamics indeed showed macroscopic oscillations

and even a frequency-doubling bifurcation occurred (which is typically masked as a Hopf

bifurcation in the rotating frame formulation). While I considered a highly symmetric setup,

it can be interesting to include more realistic asymmetries: Neural populations featuring

cortical low-frequency rhythms (delta, theta, or alpha) usually show a frequency distribution

in a fairly narrow frequency band, whereas higher-frequency rhythms (beta, or gamma) cover

wider frequency bands. Moreover, the lower the frequency of cortical oscillations, the higher

their amplitude. ‘Translated’ into a mathematical phase oscillator model, these amplitude

effects can be expressed in a coupling strength asymmetry. Whether these asymmetries

allow for a similar topological equivalence between coupled and multimodal networks as in

Chapter 4, will be shown in future studies.

As mentioned above, experimental data suggest (beamformed) cortical dynamics that have

a certain frequency variability. This can be modeled in terms of time-varying natural fre-

quency terms, see also the pioneering work by Petkoski and Stefanovska308 on a Kuramoto

model with time-varying parameters. The interaction of such parameter-dependent oscil-

latory systems and their collective dynamics was the central issue in Chapter 5. Whether

and how the adaptation of phase models to include variable frequencies indeed results into

exhibiting all dynamical features of criticality as addressed in Chapter 6, remains another

open problem.

Collective dynamics of spiking neurons and cortical models Emergent rhythmic behavior

of networks of spiking neurons is an important topic in the field. The mathematical proof in

Chapter 5 captures the dynamics of spiking, quadratic integrate-and-fire neurons due to their

transformation into parameter-dependent phase oscillators, aka theta neurons (this nomen-

clature is not to be confused with the cortical theta rhythms). A rigorous application of the

theory requires global coupling of all neurons. The coupling between neurons can, in gen-

eral, occur through chemical or electrical synapses. Coupling effects at chemical synapses are

induced through the firing rates of the adjacent neurons. The global coupling assumption,

however, lets each neuron ‘see’ only the mean firing rate of the population, which in turn

facilitates the network analysis in terms of the macroscopic observables – mean firing rate

and mean membrane potential. In the quadratic integrate-and-fire model, chemical coupling

alone does not lead to rhythmic macroscopic behavior[1], which would manifest in oscillatory

firing rates and membrane potential fluctuations. Following the discussion about oscillations

and synchronization in the Introduction, this may indicate that chemical synapses are not

sufficient to synchronize a network. One way to induce oscillations is to couple two popu-

lations of spiking neurons representing the excitatory (E) part and inhibitory (I) part of a

neural network, very similar to the assumptions of the Wilson-Cowan model. Dumont and

[1] We here refer to instantaneous chemical coupling as in293. If, however, we incorporate synaptic dynamics
as in414, or change the form of synaptic activation290,291,415,416, macroscopic oscillations do emerge.
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co-workers considered such a spiking E-I network model417 and determined the stability and

robustness of collective oscillations in terms of the (macroscopic) phase sensitivity function.

Not only does this work combine the different aspects of the dissertation at hand, it also

points at a possible way to underpin the oscillatory nature of phenomenological neural mass

models, such as the Wilson-Cowan model. Similar in nature, Rodrigues and co-workers

proposed mappings between a leaky integrate-and-fire model and the Freeman model418. A

rigorous derivation of (low-dimensional) cortical models of spiking neurons certainly presents

a possibly critical endeavor to overcome the frequent criticism of heuristic neural mass model.

To provide a neuroscientifically satisfactory cortical model, neural plasticity should be in-

corporated. But including the corresponding concepts into mathematical tractable model

equations requires a great deal of effort. Although synaptic and homeostatic plasticity are

conceptually well-understood, low-dimensional descriptions of network behavior that respect

plasticity rules at the microscopic level are long being sought for.
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